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In applied statistics, the coefficient of variation is widely used. However,
inference concerning the coefficient of variation of non-normal distributions
are rarely reported. In this article, a simulation-based Bayesian approach is
adopted to estimate the coefficient of variatiafi{) under progressive first-
failure censored data from Gompertz distribution. The sampling schemes
such as, first-failure censoring, progressive type Il censoring, type Il censor-
ing and complete sample can be obtained as special cases of the progressive
first-failure censored scheme. The simulation-based approach will give us a
point estimate as well as the empirical sampling distributio@®f. The

joint prior density as a product of conditional gamma density and inverted
gamma density for the unknown Gompertz parameters are considered. In
addition, the results of maximum likelihood and parametric bootstrap tech-
niques are also proposed. An analysis of a real life data set is presented for
illustrative purposes. Results from simulation studies assessing the perfor-
mance of our proposed method are included.

Key words : Coefficient of variation; Gompertz distribution; Progressive
first-failure censored scheme; Bayesian and non-Bayesian approaches ; Gibbs
and Metropolis sampler; Bootstrap method.
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1. INTRODUCTION

The coefficient of variation({'V") of a population is defined as the ratio of the
population standard deviation to the population mean. It is regarded as a measure
of stability or uncertainty, and can indicate the relative dispersion of data in the
population to the population mean. Th8” measures the variability of a series

of numbers independently of the unit of measurement used for these numbers. In
order to do so, thé'V eliminates the unit of measurement of the standard deviation

of a series of numbers by dividing it by the mean of these numbersCThean be

used to compare distributions obtained with different units, such as, for example,
the variability of the weights of newborns (measured in grams) with the size of
adults (measured in centimeters). This approach has been used by several authors
to obtain theC'V estimates (for details, see Pagical. [24] and Panget al. [25]).

The C'V has long been widely used as a descriptive and inferential quantity in
several fields such as chemistry, engineering, finance, medical sciences, physics,
and telecommunications. In chemical experiments, it is often used as a yardstick
of precision of measurements; two measurement methods may be compared on
the basis of their respectiv&V'. In finance, the”'V' can be used as a measure of
relative risks (Miller and Karson [23]). In clinical and diagnostic areas(theis
also often used as a yardstick of the precision of measurements (Reh and Scheffler
[27]). In physiological science, ti@V can be applied to assess the homogeneity of
bone samples (Hamet al. [16]). It has been used as a tool in uncertainty analysis
of fault trees (Ahn [1]) and in assessing the strength of ceramics (Gong and Li [15]).
Many statistical procedures concernifiy’ are based on the normal distribution.
However, several phenomena do not agree with the normality assumption due to
asymmetry or to the presence of heavy-andlight tails in the distribution of the data.
Thus, the statistical inference under normal populations cannot be adequate in the
mentioned cases.

The Gompertz distribution occupies an important position in modelling hu-
man mortality and fitting actuarial tables. Historically, the Gompertz distribution
was introduced by Gompertz [14] many authors have contributed to the statisti-
cal methodology and characterization of this distribution, for example Read [26]
and Frances [8]. Garet al. [10] studied the properties of the Gompertz distribu-
tion and obtained the maximum likelihood estimates for the parameters. Chen [4]
developed an exact confidence interval and exact joint confidence region for the pa-
rameters of Gompertz distribution under type Il censored e\l [29] developed
an exact confidence interval and exact joint confidence region for the parameters
of the Gompertz distribution under the first-failure censored sampling plans. Ap-
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plications and more survey for the Gompertz model are given by Al-Hussizéhi

2].

The probability density functionp@f) and cumulative distribution function
(cdf) for the Gompertz distribution are given, respectively, by

f(x; N\, B) = Bexp <)\x - g(exp()\x) - 1)t> , x>0, A\3>0, (1)
F(x; A, 3)=1 —exp <—§(exp(/\x) - 1)) . (2)

For f(x) to be proper density function, both the parameteend 5 must be
positive. If0 < A < 3, then(df (z)/dz) < 0, for all z € (0,00). So, the density
function (1) is monotone decreasing ¢ oo) in which case the mode at zero.
If A > 3, f(x) increases in0, z,,0q) and then decreases (04, 0). In this
1
A
distribution will tend to an exponential distribution.

A , .
case,rmod = log | = | . It is worth noting that whem\ — 0, Gompertz

The Gompertz distribution has the following properties

(1) The expected value of

B(X) = %exp <f> /:(exp( 1) /t)dt lexp <f> r <0, f) @

where I'(w;, wsy) is the incomplete gamma function define bYw;, ws)
= 7202twl_lexp(—t)dt.

(2) The expected value of?

E(X?) = exp< )/ﬂ <log ) exp(—t)dt

- e (5) {7 R L [ERRIREE R

e (3)+ (2 (3) )

where ~ is Euler constant gamma with numerical value 0.577216, and
F, [{a1,a2,...,ap}, {b1,b2,...,b4}, 2] is a generalized hypergeometric function
has series expansion
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B > (a1)k---(ap)k 2"
L R W] [y e

where(a), = a(a+ 1)...(a + k —1).

The theoretical coefficient of variation under the Gompertz distribution is thus
given by

VIE@?) - (E@)?)
E@)

CV=g\p) = (6)

The rest of the paper is organized as follows. In Section 2, we describe the
formulation of a progressive first-failure-censoring scheme. We give a brief de-
scription of Markov chain Monte Carlo (MCMC) in Section 3. MLE and para-
metric bootstrap confidence interval are discussed in Section 4 and 5. Section 6
describes MCMC for estimating the empirical posterior distributio'df and its
interval estimation. Section 7 contains the analysis of a real life data set to illus-
trate our proposed method. Simulation studies are reported in Section 8. Finally
we conclude with some comments in Section 9.

2. PROGRESSIVEFIRST-FAILURE CENSORINGPLAN

Censoring is very common in life tests. There are survival types of censored tests.
One of the most common censored test is type Il censoring. It is noted that one
can use type Il censoring for saving time and money. However, when the lifetimes
of products are very high, the experimental time of a type Il censoring life test
can be still too long. A generalization of type Il censoring is progressive type Il
censoring. Johnson [19] described a life test in which the experimenter might de-
cide to group the test units into several sets, each as an assembly of test units, and
then run all the test units simultaneously until occurrence the first failure in each
group. Such a censoring scheme is called first-failure censoringetJain [20]
discussed a sampling plan for a bearing manufacturer. The bearing test engineer
decided to save test time by testing 50 bearings in sets of 10 each. The first-failure
times from each group were observed. @@l [29] and Wu and Yu [30] obtained
maximum likelihood estimates (MLES), exact confidence intervals and exact con-
fidence regions for the parameters of the Gompertz and Burr type XII distributions
based on first-failure-censored sampling, respectively. Also seetLak [21].
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Note that a first-failure-censoring scheme is terminated when the first failure in
each set is observed. If an experimenter desires to remove some sets of test units
before observing the first failures in these sets this life test plan is called a pro-
gressive first-failure-censoring scheme which recently introduced by Wu and Kus
[28]. In this scheme, first-failure censoring scheme is combined with progressive
censoring scheme. Suppose thanhdependent groups with items within each
group are put in a life tesi?; groups and the group in which the first failure is ob-
served are randomly removed from the test as soon as the first ta’l{'ﬁy;enk has
occurred,Rs groups and the group in which the second failure is observed are ran-
domly removed from the test when the second failiit, ;. has occurred, and
finally R,, groups and the group in which theth failure is observed are randomly
removed from the test as soon as thé failure X%, has occurred. Then
Xk < X3k <o < XJE . are called progressively first-failure cen-
sored order statistics with the progressive censored sciemé Ry, R, ..., Ry, }-
m
It is clear thatm is number of the first failuregl < m < n)andn =m+ >_ R;.
=1
If the failure times of thén x k) items originally in the test are from a continuous
population with distribution functiod” () and probability density functioffi (),
the joint probability density function fok XE X R i 1S Given

Limmn,k? “*2mmn,ko
by
m
R R R R
f1727---7m(x1;m,n,k:7 Lom,n,kr xm;m,n,k) = AE™ H f(‘ri;m,n,k:)
=1
X [1 - F(xﬁm,n,k)]k(Ri+l)_la(7)
0 <@l k< Thmng <o <Thon o <00,
where
A= n(n—Rl —1)(n—R1 —R2—2)...(n—R1 —RQ—...—Rm_l —m-—+ 1). (8)

Special Cases

It is clear from (7) that the progressive first-failure censored scheme containing the
following censoring schemes as special cases:

(1) The first-failure censored scheme wher= {0,0,...,0}.

(2) The progressive type Il censored order statistiés=f 1.
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(3) Usually type Il censored order statistics wheén = 1 and
R =1{0,0,...,n —m}.

(4) The complete sample case wher- 1 andR = {0, 0, ..., 0}.

Also, It should be noted that !, X% .. .. XFE . canbeviewedas
a progressive type Il censored sample from a population with distribution function
1 — (1 — F(z))k. For this reason, results for progressive type Il censored order
statistics can be extend to progressive first-failure censored order statistics easily.
Also, the progressive first-failure-censored plan has advantages in terms of reduc-
ing the test time, in which more items are used, but onlpf n x k& items are

failures.

3. MARKOV CHAIN MONTE CARLO TECHNIQUES

Markov chain Monte Carlo (MCMC) methods use computer simulation of Markov
chains in the parameter space Gititsal. [13] and Gamerman [9]. The Markov
chains are defined in such a way that the posterior distribution in the given sta-
tistical inference problem is the asymptotic distribution. This allows to use er-
godic averages to approximate the desired posterior expectations. Several stan-
dard approaches to define such Markov chains exist, including Gibbs sampling,
Metropolis-Hastings and reversible jump, see for example Metropbkd [22]

and Hastings [17]. Using these algorithms it is possible to implement posterior
simulation in essentially any problem which allow pointwise evaluation of the prior
distribution and likelihood function.

3.1Gibbs sampler

The Gibbs sampling algorithm is one of the simplest Markov chain Monte Carlo
algorithms. It was introduced by Geman and Geman [12]. The paper by Gelfand
and Smith [11] helped to demonstrate the value of the Gibbs algorithm for a range
of problems in Bayesian analysis. Gibbs sampling is a MCMC scheme where the
transition kernel is formed by the full conditional distributions.

Algorithm1 :

(1) Choose an arbitrary starting poitit) = (9§0), s 0((10)> for whichg (6(0))
> 0.

(2) Obtaing\” from conditional distributiory (01 |61 Y 9371)).
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(3) Obtain” from conditional distributiory (02 RN . 9?‘1)) .

(4) Obtaing'" from conditional distributiory (Hd RN SN 9&?1) .
(5) Repeat steps-24.
3.2The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm was originally introduced by Metropetiial.
[22]. Suppose that our goal is to draw samples from some distribyit{éhc) =

vg (0), wherev is the normalizing constant which may not be known or very dif-
ficult to compute. The Metropolis-Hastings (MH) algorithm provides a way of
sampling fromf (6|z) without requiring us to know. Letq (6()|6(®)) be an ar-
bitrary transition kernel, that is the probability of moving or jumping from current
stated(@ to (). This is sometimes called the proposal distribution. The following
algorithm will generate a sequence of val#és, (), ... which form a Markov
chain with stationary distribution given by (6|z).

Algorithm 2 :
(1) Choose an arbitrary starting po#ttt) for which f (6(¥|z) > 0.

(2) Attimet, sample a candidate point or propo&afrom the proposal distri-
butiong (6*|60¢~).

(3) Calculate the acceptance probability

] [ @ a (et
( ) * )\
) (gt D g ) = min [1, f(0¢D]z) g (0*16¢D) | ?

(4) Generaté/ ~ U (0,1).

(5) If U < p(6¢~Y,6*) accept the proposal and st} = ¢*. Otherwise,
reject the proposal and s#t) = g(t—1).

(6) Repeat steps-5.

If the proposal distribution is symmetric, §d60|¢) = q (¢|0) for all possible
¢ and @ then, in particular, we have (§¢~1|6*) = ¢ (*[9~Y), so that the
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acceptance probability (9) is given by

P <9(t*1), 9*) = min [1, Jm] . (20)

4. MAXIMUM LIKELIHOOD ESTIMATION
Letz = (X{%, 0 Xohnio - X n 1) DE the progressive first-failure censored
order statistics from a Gompertz distribution with censored schemiérom (1),
(2) and (3), the likelihood function is given by

L(z; A\, B) = AK™ 3™ exp ()\ZJZZ — ﬁ)\; (R +1) (exp (\x;) — 1))

=1
(11)
whereA as given by (8) and we used instead ofX The logarithm of the

likelihood function may then be written as

ism,n,k

[(zi A, ) = log (AK™) + mlog f + Ay a; — %

Z (R; + 1)(exp(Az;) — 1)-
i=1 i=1

(12)

Calculating the first partial derivatives of (12) with respectst@and A and
eguating each to zero, we get the likelihood equations as

O \B) _m ko V1) =
—5 -3 1 (R; + 1)(exp(Az;) — 1) =0, (13)

=1

(; A a1 (2 ), B) Z% %Z(Rﬁrl)(exp()\%) -1

ﬁk Z (R; + 1)x; exp(Az;) = 0, (14)

hence from (13) we obtain the ML estimate®as

B=— mA — : (15)
k ;(RZ + 1)(exp(Az;) — 1)
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By using (15) in (14) we obtain

m SI(Ri + 1)z exp(Xxi)

D ai+ ; R—— — = 0. (16)
i=1 > (Ri + 1)(exp(Azi) — 1)

Since (16) cannot be solved analytically farsome numerical methods such
as Newtors method must be employed. Therefore, the ML estimat@lofis
CV =g(AB), (17)

whereg (X, ﬁ) as given in (6) after replacingandg be andB, respectively.

5. BOOTSTRAPCONFIDENCE INTERVALS

Bootstrap methods are widely used to improve estimators or to build confidence in-
tervals for the parameters. Usually, they provide estimators with smaller standard
errors, and confidence intervals with a coverage level closer to the nominal level
than confidence intervals obtained by applying asymptotic results. For a survey
of parametric and nonparametric bootstrap methods, one can refer to Davison and
Hinkley [5] and Efron and Tibshirani [6]. In this section, we use the parametric
bootstrap percentile method suggested by Efron and Tibshirani [6] to construct a
bootstrap percentile confidence intervals for €. The following steps are fol-
lowed to obtain progressive first-failure censoring bootstrap sample from Gompertz
distribution with parameters and s based on simulated progressively first-failure
censored data set.

Algorithm 3 :

(1) From an original data set= 21", , 1, T3, s -+ Tht compute the

m;m,n,k?

MLEs X andB from equations (15) and (16) ael’ from(17).

(2) Use\ and B to generate a bootstrap samplewith the same values dt;,
(i =1, 2, ..., m) using the algorithm of Balakrishnan and Sandhu [3].

(3) As in step 1 based ar* compute the bootstrap sample estimate§,q§
andCV say\*, 6*andC’V*.
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(4) Repeat steps 2-8 times representingy bootstrap MLEs o'V based
on N different bootstrap samples.

(5) Arrange aIEX\/*j in an ascending order to obtain bootstrap sanﬁl\(é*([l],
cv'? vt

(6) LetG(2) = P(a\/* < z) be cumulative distribution function v
DefineCVZoot = G~1(z) for given z. The approximate bootstrap0(1 — v)%
confidence interval o€’ V" given by

e A v
[vaoot(g)? C’vaoot(1 - 5) . (18)

6. BAYES ESTIMATIONS USING MCMC

Under the assumption that both of the paramekeasid 5 are unknown, we may
consider the joint prior density as a product of a conditional densig/fof given
A (which is taken to be the conjugate gamma prior whés known) and inverted
gamma density foA. So that the joint prior density of and can be written as
(A, B) = mi(B|A)m2 (), where

be b
7"-1(/8‘)\) = F(a))\aﬂail €Xp <_/8>\> ) ﬂ > 07 a, b > 07 (19)
and
ﬂg(A)—ldWexp <—i> , A>0,¢ d>0. (20)

Multiplying 71 (5| \) by m2(A\) we obtain the joint prior density of andj as

badc/@a—l <_1

(A 6) = T(a)T(c)rerert P 7)

(d+ ﬂb)) , (A, B>0). (21)

Using the joint prior distribution ok and(, the joint posterior density function
of A and( given the data, denoted hy (A, 3), can be written as

_ L(datd), B) x 7(A, B)
J7 > L(datd), B) x w(A, B)drdp’

(A, B) (22)



COEFFICIENT OF VARIATION OF GOMPERTZ DISTRIBUTION 345

therefore, the Bayes estimate of any functionaindj sayg(\, 3), under squared
error loss function is

/.d()‘? ﬂ) = E)\,ﬁ|data(g(A7 ﬁ))

fooo fooo g(\, B)L(data|\, B) x w(A, B)dN\dfS (23)
f0°° fooo L(datalX, B) x w(X\, B)d\dB

Generally, the ratio of two integrals given by (23) can not be obtained in a
closed form. In this case, we use the MCMC method to generate samples from the
posterior distributions and then compute the Bayes estimatgf)of3) under the
squared errors loss (SEL) function.

MCMC Approach

In this subsection we consider the MCMC method to generate samples from the
posterior distributions and then compute the Bayes estimat€$/0bf the Gom-

pertz distribution under the squared errors loss function. A wide variety of MCMC
schemes are available, and it can be difficult to choose among them. An important
sub-class of MCMC methods are Gibbs sampling and more general Metropolis-
within-Gibbs samplers. The advantage of using the MCMC method over the MLE
method is that we can always obtain a reasonable interval estimate of the parame-
ters by constructing the probability intervals based on the empirical posterior dis-
tribution. This is often unavailable in maximum likelihood estimation. Indeed, the
MCMC samples may be used to completely summarize the posterior uncertainty
about the parametepsand 3, through a kernel estimate of the posterior distribu-
tion. This is also true of any function of the parametérf¥, in particular. Suppose

we wish to give point and interval estimates V.

The joint posterior density function ofand can be written as

» ﬁm-ﬁ-a—l
™\ B) Nt T

exp ()\ i T — %
i=1

d+ Bb+ Bk in:(RZ + 1) (exp (A\z;) — 1)]) ,
- (24)

from (24) it is clear that the posterior density functiongofiiven \ is

7 (81) o B exp (—f

b+ k‘Em:(Rl +1) (exp (A\x;) — 1)]) . (25)

=1
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Therefore, the posterior density function®fiven A, is gamma with parame-

1 m
tersasn +aand (b -+ k D (R + 1) (exp (Azq) — 1))
=1

The posterior density function of given 3 can be written as

) 1
mAlB) o e

exp (Aixi—i

i=1

d+ pb+ Bk il:(RZ + 1) (exp (A\z;) — 1)]) .
i=1

(26)

Now, to ensure that we can employ the Gibbs sampling scheme, we need to
carefully check if the marginal conditional posteriors distributigii)|3) is log-
concave. The second-order partial derivativemof; (\|3) with respect to\ is

82 In k(M) -1

A2 = 3gl2d+6b) = Aa+c+1)
+ Y (R + Dgr(Aay)] (27)

i=1

where
g1(Ax;) = (A — 1)2 exp(A\x;) + exp(Az;) — 2).

It can be shown that the functionAz;) has limiting0 as Az; — 0 and
limiting oo as Az; — oo, then for allm > 1 the summation is greater than
0, hencer;(\|3) depends on the choice of the hyperparameter9, ¢, d) and
(A, B). Thenn;()\|B) is not necessary log-concave. We, therefore, employ the
Metropolis-within-Gibbs method instead to sampleThe choice of the hyperpa-
rametersa, b, ¢, d) and the censoring schenie are which make (26) close to
the proposal distribution and obviously more convergence of the MCMC iteration.
We propose the following MCMC algorithm to draw samples from the posterior
density functions; and in turn compute the Bayes estimates and also, construct the
corresponding credible intervals.

Algorithm4 .
Q) X = /)\\, M = burn — in.
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(2) Generatgs; from gamma distribution’ (5| \).

(3) Generate\; from 75 (\|3) using (MH) algorithm in subsection (3.2).
(4) ComputeC'Vy = g(A1, B1).

(5) Repeat steps 2-¥ times we obtairC'Vy, CVs,. . ., CVy.

(6) Obtain the Bayes estimate @f” with respect to the SEL function as

N
~ 1
E(CV|data) = -—— > o (28)
i=M+1

(7) To compute the credible intervals 6fV, orderCViy11, CViarya,. . .
CVy asCV(yy, CV(g),. . . CV(y—ap- Then thel00(1 — )% symmetric
credible interval is

(CViv—ayr/2), OV -2y (1-7/2))) - (29)

7. ILLUSTRATIVE EXAMPLE

Toillustrate the application of our proposed method, we chose the real data set from
Hoel [18], concerning the time (in days) at death of 39 irradiated mices. These life
times in days are40, 42, 51, 62, 163, 179, 206, 222, 228, 249, 252,282, 324,

333, 341, 366, 385, 407,420,431,441,461 , 462, 482, 517, 517, 524, 564, 567,

586, 619, 620, 621, 622, 647,651, 686, 761, 763. Elandt and Johnson [7] fitted a

two parameter Gompertz distribution to the data. The point estimai8/ofusing

complete data set is given I@A\/wmp = i = 0.4937.
X

The data are randomly grouped intd sets and listed in ascending order in
Table 1. Now, we consider the following four cases.

Case I: Progressive first-fauilure censoring data.

For the first row in Table 1 withr¢ = 8,n = 13,k = 3) and the censor-
ing schemek = {0,2,0,0,1,0,0,2}, we obtain the following progressive first-
fauilure censoring datal0, 42, 62, 206, 222, 228, 333, 420.

Case ll: First-fauilure censoring data.
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The values of the first row in Table %0, 42, 51,62, 179, 206, 222, 228, 324,
333,420, 441, 462. are the first-fauilure censoring data. In this case£ n =
13, k = 3)andR = {13%}.

Case lll: Progressive type Il censoring data.

Using the algorithm described in Balakrishnan and Sandhu [3], we generate the
following progressive type Il censoring dattl, 42, 51,62, 163,179, 206, 222, 228,
252,282,333, 341, 366,420 ,431,441,462,482,517. In this casefr = 20,n =
39, k = 1) and the censoring schem®= {0, 0,0, 3,0,0,0,3,0,0,3,0,0,0,5,0,0,
0,0,5}

Case IV: The complete data set, with(= n = 39,k = 1) andR ={39°}.

For each case mentioned above, we run the chaihlf@00 times and discard
the first1000 values as ‘burn-in’. When the non-informative prior distribution is
used, the joint posterior distribution of the parameters is proportional to the like-
lihooh function. The Bayes point estimates &id4 credible intervals foilC'V
are computed. We also performed a simple bootstrap procedure to generate the
sampling distribution of”'V based on the observed data in all cases. The point
estimates of”'V' using the maximum likelihood method and bootstrap method as
well as95% bootstrap confidence interval are presented in Table 2. If we adopt
the Bayesian approach, we have the results in Table 3. The descriptive statistics
as well as th&®5% credible interval forC'V based on the MCMC generated sam-
ple are also given in Table 3. As we can see from the histograms of the posterior
distributions ofC'V in Figures (1-4).

200 —

400

0.4 0.5 0.6 0.7

FIG. 1: Histogram of posterior distribution of CV (Case I)
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FIG. 2: Histogram of posterior distribution of CV (Case II)
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FIG. 3: Histogram of posterior distribution of CV (Case lIlI)
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FiIG. 4: Histogram of posterior distribution of CV (Case V)

TABLE 1:

Randomly grouped sets using data from Hoel [22]

206 333 42
586 407 163
651 620 282

462 40

179 420

51

324 228 222

62

441

686 252 524 567 619 482 385 341 249 517
763 461 564 622 621 647 431 761 366 517

TABLE 2: MLE and Bootstrap results ¢f V'

Cases (/H\/MLE 5‘\/3001:

95 boot. ClI

Leng.

I
Il
I
v

0.5317
0.4811
0.4817
0.4639

0.4688
0.4560
0.4616
0.4543

(0.2672,0.8062) 0.5391
(0.2843,0.6781) 0.3938
(0.3213,0.6332) 0.3120
(0.3544,0.5538) 0.1994

TABLE 3: MCMC method results of' V'

Cases Mean Median Mode SD  Skew. 95% ClI Length
I 0.5056 0.4864 0.4479 0.1298 0.8173 (0.3060,0.8233) 0.5173

Il 0.4918 0.4773 0.4483 0.1065 0.8734 (0.3222,0.7521) 0.4300
i 0.4794 0.4662 0.4396 0.0888 0.9739 (0.3415,0.6862) 0.3447
v 0.466 0.4621 0.4541 0.058 0.4337 (0.3627,0.5943) 0.2316
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8. SIMULATION STUDY

In this section we report some numerical experiments performed to evaluate the
behavior of the proposed methods for different sample sizes, different censor-
ing schemes, different parameter values Xoand 3, and informative and non-
informative priors. All of the computations were performed by (mathematica 7.0)
using a Pentium IV processor. The samples were generated by using the algorithm
described in Balakrishnan and Sandhu [3]. We used different samplesizdgs) (
different group sizesk)), and different sampling schemes (i.e., differéatalues).

TABLE 4 : Average values, MSEs, the coverege percentages and
average credible interval lengths of the estimateS &f
when)\ = 0.01 andg = 0.01.

E n m C.S. Means MSE C.P. Length
non-informative prior

1 30 15 (15,19 0.6983 0.0827 0.976 0.3839
(15") 0.6673 0.0898 0.978 0.4122

(14°,15) 0.6319 0.1065 0.976 0.4655

30 20 (10,19) 0.7083 0.0771 0.978 0.3546
(5Y,10',5°) 0.6937 0.0748 0.972 0.3569

(19°,10) 0.6686 0.0891 0.970 0.4179

30 30 (30) 0.7030 0.0700 0.972 0.3181
50 30 (20,29) 0.7149 0.0747 0.956 0.3123
(1,1,0,...,1,1,0) 0.7010 0.0736 0.978 0.3330

29,20) 0.6792 0.0777 0.978 0.3949

50 50 (50) 0.7104 0.0606 0.970 0.2651
5 30 15 (15,19 0.6233 0.1152 0.966 0.4363
(15" 0.5667 0.1610 0.906 0.4491

(14°,15) 0.5058 0.2080 0.890 0.4828

30 20 (10,19) 0.6311 0.1095 0.946 0.4140
(5Y,10',5°) 0.6186 0.1171 0.944 0.4113

(19°,10) 0.5570 0.1651 0.912 0.4619

30 30 (30) 0.6554 0.0916 0.952 0.3878
50 30 (20,29) 0.6569 0.0864 0.974 0.3883
(1,1,0,...,1,1,0) 0.6251 0.1101 0.954 0.4011

(29°,20) 0.5636 0.1556 0.926  0.4500

50 50 (50) 0.6802 0.0746 0.966 0.3517
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We used two sets of parameter valgas ) = (0.01, 0.01) and (A, §) =
(0.5, 0.02). First, we used the non-informative priors for the parameters, in this
case the joint posterior distribution of the parameters is proportional to the likeli-
hooh function. We also used informative prioe= 5, b = 5, ¢ = 5 andd = 0.05,
when(\, ) = (0.01, 0.01). The hyperparameter values are selected to satisfy the
prior meansE(\) = p—] = NandE((G) = a% = 4. In all cases, we used
the squared error loss function to compute the Bayes estimates. We computed the
Bayes estimates a8 % credible intervals based dri, 000 MCMC samples (dis-
card the firstt000 samples as ‘burn-in’). We report the average Bayes estimates of
CV, mean squared errors (MSESs), coverage percentages (C.P.) average confidence
interval lengths based dit)0 replications.

The results fof\, 3) = (0.01, 0.01) are reported in Table 4 for non-informative
prior, and in Table 5 for informative prior Table 6 reports the resultg for3) =
(0.5, 0.02) with non-informative prior.

9. CONCLUDING REMARKS

In field of reliability studies nonnegative and non-gaussian data are commonly en-
countered, and it is not easy to obtain an interval estimate fo€tieusing the
theoretical sampling distribution @f'V'. Therefore, it is hard to make inferences
about theC'V' in many applications. We not aware of any discussion concerning
inference onC'V' of non-normal distribution based on censored data. In this pa-
per we offer a simulation-based Bayesian approach. MCMC method is proposed
for finding a point estimate as well as an interval estimate folthe based on a
progressive first failure-censored data. This sampling plan is quite useful to prac-
titioners, because they provide savings in resources and in total test time. Results
from simulation studies illustrate that the performance of our proposed method
is acceptable. The proposed method works routinely well for censored samples.
From Tables (4-6), in terms of both MSEs and lengths of the credible intervals, it is
clear that the MSESs, and average credible interval lengths of Bayes estimators are
smallest for the censoring schemes— m, 0, - - -, 0), which corresponding to the
removal in first stage. When the effective sample proportig increases, the
MSEs and average credible interval lengths are almost decrease in all cases. The
MSEs for the estimates @'V for the progressive first-failure censoring £ 5)

are almost similar to those for progressive type Il censoring (1).
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TABLE 5 : Average values, MSEs, the coverege percentages and
average credible interval lengths of the estimateS&f
when\ = 0.01 andg = 0.01.

kK n m C.S. Means MSE C.P. Length
Informative prior ¢ = 5,b =5, ¢ =5,d = 0.05)

1 30 15 (15,1%) 0.6948 0.0198 1.000 0.1721
(15" 0.6738 0.0862 0.992 0.4106

(14°,15) 0.6946 0.0160 1.000 0.1706

30 20 (10,19) 0.7017 0.0780 0.980 0.3570
(5°,10',5°) 0.6924 0.0769 0.974 0.3541

(19,10) 0.6692 0.0862 0.984 0.4206

30 30 (39) 0.6855 0.0451 0.994 0.2376
50 30 (20,29) 0.7078 0.0691 0.974 0.3162
(1,1,0,...,1,1,0) 0.6839 0.0457 0.994 0.2635

(29,20) 0.6689 0.0843 0.966 0.3943

50 50 (50) 0.6917 0.0382 0.990 0.2042
5 30 15 (15,19 0.6956 0.0157 1.000 0.1661
(15 0.5937 0.1188 0.988 0.3870

(14° 15) 0.5578 0.1492 0.998 0.4085

30 20 (10,18) 0.6378 0.0799 0.988 0.3518
(5°,10',5°) 0.6351 0.0828 0.990 0.3571

19,10) 0.5878 0.1215 1.000 0.3947

30 30 (39) 0.6536 0.0662 0.988 0.3361
50 30 (20,29) 0.6500 0.0694 1.000 0.3358
(1,1,0,...,1,1,0) 0.6270 0.0913 0.986 0.3570

29,20) 0.6965 0.0123 1.000 0.1588

50 50 (50) 0.6680 0.0573 0.984 0.3131

TABLE 6 : Average values, MSEs, the coverege percentages and
average credible interval lengths of the estimateSBf
when)\ = 0.5 andj = 0.02.

kK n m C.S. Means MSE C.P. Length
non-informative prior

1 30 15 (1519%) 0.4090 0.0725 0.956 0.2876
(151) 0.4142 0.0811 0.954 0.3083

(14° 15) 0.4230 0.0892 0.968 0.3685

30 20 (10,19) 0.4081 0.0670 0.956 0.2549
(5°,10t,5") 0.3969 0.0575 0.960 0.2410

(190,10) 0.4087 0.0780 0.946 0.2963
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TABLE 6 (continued)

30 30 (39) 0.3925 0.0552 0.950 0.2071
50 30 (20,29) 0.3941 0.0522 0.950 0.2010
(1,1,0,...,1,1,0) 0.3948 0.0521 0.958 0.2007
(29,20) 0.3993 0.0643 0.940 0.2389

50 50 (50) 0.3875 0.0417 0.938 0.1591
5 30 15 (15,14) 0.4031 0.0718 0.968 0.2991
(15" 0.4054 0.0742 0.964 0.3339
(14°,15) 0.3957 0.0755 0.970 0.3789

30 20 (10,19) 0.4030 0.0674 0.956 0.2634
(5°,10t,5") 0.3958 0.0634 0.942 0.2537

(19,10) 0.4087 0.0779 0.958 0.3372

30 30 (3% 0.3926 0.0493 0.968 0.2048
50 30 (20,29) 0.3966 0.0555 0.930 0.2051
(1,1,0,...,1,1,0) 0.3917 0.0543 0.948 0.2145
29,20) 0.4000 0.0687 0.956 0.2865

50 50 (50)) 0.3855 0.0377 0.954 0.1497
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